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Abstract. Simulation rules have long been used as an effective cortipuoidh
means to decide refinement relations in state-based fammsliHere we investi-
gate how they might be amended so as to decide the event-haien of single-
ton failures refinement of abstract data types, or procefisashave operations
with a “guarded” interpretation.

1 Introduction

In this paper we do two main things: we look at the consequeatevo ways of lift-
ing and completing relations with regard to refinement antufation for abstract data
types (ADTS) in a state-based world; we also look at the oqunsieces of restricting
what counts as a simulation in the context of the event-bessdof refinement char-
acterised by single failures refinement.

1.1 Datarefinement and the state-based world

We will review some of the known results about abstract dgte (ADT) refinement
and simulation (and note that we have machine-checked thfas¢erest to us). First,
we need to note (much more is said on this later) state-lifteddata types are those
where the local state of the data type has a special elemdatddsually denoted by
A1), and then the operations of the ADT are given meaning byioela over thidifted
state. In contrasfperation-liftedADTs are those where each operation in the ADT is
first given meaning by a relation over the (unlifted) statd #ren each operation in the
ADT is also lifted by addingL to its domain and range and adding, according to various
prescriptions to be illustrated later, new pairs to theti@taethat gives the meaning of
the operation. Finally, the state is lifted as previoustyaddition to the above liftings
we can totalise too—this means that in either lifting caseeggiire total relations as the
outcome. These subtle differences between ways of liftingDTs lead to important
results:

1. forward and backward simulation are sound and jointly glete for state-lifted
data type refinement [1]

2. asingle complete simulation rule for data refinement [2]

3. forward and backward simulation are not jointly compfetedata refinement with
operation-lifted data types[3]



The standard HHS result of soundness and joint completedfiéssvard and back-
ward simulation with respect to refinement can be appliechyto partial relations
and to total relations (and more specifically, to the totidtiens that are the outcome
of lifting and totalising). The completeness proof invatbe construction of an inter-
mediate data type via a power-set construction.

The single complete simulation rule of [2], unlike the joodmpleteness of [1],
does not require the construction of an intermediate ADJTuf2s the same power-set
construction as in the proof of completeness in [1], but itli2 structure built by the
power-set construction is simply part of a computationapsh ascertaining whether
one ADT is indeed a refinement of another. Hence, in [2], tHeaue of the power-set
construction need not satisfy the definition of what contds an ADT.

The construction of the intermediate ADT has been shownd3jet very sensitive
to the detailed definition of ADTs. Whether the outcome of flbever-set construction
is a valid data type or not actually depends on the definitiddata type” you choose.
With the completely reasonaltmgical definition chosen in [3] the output of the power-
set construction is not a valid data type (as we noted abdVig. an alternative and
more liberal definition (to be given later) of “data type” tiiandard HHS result can be
applied and we get a completeness proof again.

Consequently we have two possibilities: one, we can keepoathieal definition
[3] of data type with the consequence that the completenesx fails; two, we can
liberalise the definition of data type to include the resaftthe power-set construction
and have a valid completeness proof.

It turns out that the two sorts of ADT differ in a very small wiytheir definitions
and which is chosen is largely a matter of personal tasteaagtiow the literature
already contains several subtly distinct definitions of ADT

1.2 Singleton failures refinement and the event-based world

As we know that

1. data refinementis not equal to singleton failures refirreiidé
2. backward simulation is not sound with respect to singléadlures refinement [5]

then we will analyse singleton failures refinement (sinéritot the same as data refine-
ment it is interesting to see what its properties are). lttwin out that with a restricted
definition of simulation we can establish the following riésu

1. restricted forward and backward simulation are sounth wéspect to singleton
failures refinement and either sort of lifting

2. restricted forward and backward simulation are comgtatsingleton failures re-
finement and data types with lifted state

3. restricted forward and backward simulation are not cetedor singleton failures
refinement and data types with lifted operations

4. there is one complete simulation rule for singleton failkefinement and data types
with ....... 2?2?72

5. restricted forward and backward simulation are not ceteplor data refinement
and data types with either lifted state or lifted operations



These results and those labelled witheorem in the rest of the paper have been
machine checked using Isabelle [6].

2 Abstract data types with guarded operations

An ADT consists of a set of named operations that act on rigtateStateplus two
special operations:

init that initialises the data type by relating the public statéhe private state and
final that terminates the data type by relating the private st@at& to the public state

All operations will be given a relational semantics:

Definition 1 Simple Data Typ®, where Namesis a set of names for the operations
of D, Statg is the local (private) state dd and Statg the global state of a program
which use®, is given by:

(Statey, Opp, initp, finalp, Names)

and

Opp : Nameg — Statgy x State

initp : Statg x State

finalp : Statg, x Statg
We view this as saying that the operation®iare named relations, so for the semantics
of the (purely syntactic) operation naraes Namesg from ADTD, which we writeD.a
when we need to disambiguate, we write

[D.a] 2 Opo(a)

For example, for ADTA the relations which give semantics to the operation names
a, b andc are given by the solid lines in Fig. 1 (ignore anything invoty L for now).

init A.a A.b

p = a;b;c

B
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........... )L_ —_—— _)L
Fig. 1. [A.p]" £ inita;[A.a]";[A.b]";[A.c]*;finala




The simple ADTs captured by Definition 1 are open to severfarimal interpre-
tations. Their operations could be undefined outside ofqréition (outside of the
domain of the relation they denote) or they could be guardeside of the precon-
dition. In addition the behaviour inside the preconditiauld have a totally correct
interpretation, i.e. the operation will terminate and wétminate in one of the post-
states indicated by the relation or it could have a part@diyrect interpretation, i.e. the
operation might terminate and if it terminates it will termate in one of the post-states
indicated by the relation.

One way to formalise the desired interpretation is to lifl &mtalise the (in general,
partial) relation that gives the meaning of an operation emampropriately. A second
way is to keep the original relations as the operations aifitheleefinement that is
consistent with (captures) the desired interpretation.

2.1 Lifting and totalising operations

We can lift and totalise the relations in many ways. Here wedrgterested in interpreting
the operations:

1. as guarded outside of precondition

2. with a choice of termination interpretation:
(a) thetotal correctness interpretation, i.e. they must terminate
(b) thepartial correctness interpretation, i.e. they may terminate

Point two is often not mentioned but because we are goingdalu® represent
“not terminated” our semantics can explicitly distinguagberations that may terminate
from operations that must terminate.

For example, in Fig. 1, if we consider the relations givendllythe lines in the
diagram, then we have lifted and totalised our operatiorggv® them a guarded, total
correctness meaning.

In-contrast, the partially correct interpretation of guaddperations can be for-
malised by allowing an operation to always be able to tertain@hus the relations
relate all pre-states td, indicating that termination is never guaranteed and hérise
always possible to not terminate: for example &tldl ) to operatiora in Fig. 1.

Itis the exclusion of states from which an operation bothirhigrminate and might
fail to terminate that characterises the total correctirgsspretation and which makes
the the completeness proof of [1] fail.

We will formally define these possibilities for ADTs in thextesection, but for now
we introduce transformations on the semantics of singleatipes, likea, from some
simple ADT D which reflect the above discussion.

First, the semantics that reflects guarded operations thst rerminateT for “to-
tal”):

[D.a]" £ [D.a] U {(x, L) | x€ State U L A =3y.(x,y) € [D.a]}

Secondly, the semantics that reflects guarded operatiahsidy terminateR for
“partial”):

[D.a]" £ [D.a] U{(x, 1) | x € Statey U L }



2.2 Lifting and totalising data types

As we have indicated above, we have two ways to define extengammpletions) of
data types whose operations have a lifted and totalisetdaet semantics. We now
give formal definitions for these alternatives.

Firstly we deal withdata types over lifted stat@hat an ADT has been extended in
this way is indicated by placin§, as a superscript to the ADT name: this indicates
that the relational semantics of the operations of the waigsimple ADT have been
extended to give a new ADT over a lifted state. In order thatam lift this new value
to whole programs (later) the global space is similarhetift

Definition 2 LetD be some simple AD{State, Opp, initp, finalp, Namesg). DS+ is a
state-lifted extension d@. The state-space State = Statg U { L } of DS+ contains
a special value denoted hy. DS+ has the form

(Statgys, ,Opps., , initys, , finalys, , Names)

where

Opps. : Nameg — Statgs, x Statgs,
initys, : (Statg U L) x Statgys,
finalys, : Statgs, x (Statg U L)

and

Opps. 2 Omp

initDsL Dinitp

finalys, 2 finalp

Note that for state-lifted ADTs the operations (followirgetdefinition for simple
ADTSs) are, forany operation nanaec Names,

[DS+.a]® £ Opps, (a)

Further note that there are no restrictions as to whichioglatare allowed as oper-
ations, save that they be total, including initialisatiow dinalisation.

Next, we deal withdata types with (explicitly) lifted operationslere the only re-
lational semantics we admit as valid are those that are gwdtref a particular lifting
of the operations of a simple abstract data type which is amgke of either of the
formalisations of must or may terminate from Section 2.1.

Definition 3 LetD be some simple AD[Statey, Opp, initp, finalp, Nameg ). DT+ is
an operation-lifted abstract data type with total correess extension @. The state-
space Stater, = State U { L} contains a special value denoted bhyD®™+ has the
form

Stateyor, , Opnor, , initS'+, final°™ , Namesg
) Po D D

where
Oppor, : Nameg — Statgor, x Statgor,
init9™* : (Statg U { L}) x Statgor,



final9™* : Statgor, x (Statg U {L})
and

Oppor, 2 Opp

initDou =initp U {(L, 1)}

finalpor, = finalp U {(L, 1)}

and, for any operatioa from Nameg
[DOT+.a] £ [D.a]"

Definition 4 LetD be some simple AD{iStatg, Opp, initp, finalp, Names ). DP+ is
an operation-lifted abstract data type with partial corteess extension &f. The state-
space State», = Statg U { L} contains a special value denoted hyD%®+ has the
form

Stateor, , Opgor, , iNitS"+, finalSP+, Names
) Po D D

where
Oppor, : Nameg — Statgor, x Statgyor
initS™* : (Statg U { L}) x Statgyoe,
final9”+ : Statgor, x (Statg U {L})
and
Oppor, 2 Opp
initDopL =initp U {(L, 1)}
finalpor, = finalp U {(L, L)}
and, for any operatioma from Nameg
[DOP+.a] £ [D.a]?

Clearly a data type with lifted operations is an example ohtadype over lifted
state. But there are data types over lifted state that ara data type with lifted op-
erations. Importantly the data types built by the powereseatstruction, used in [1]
to prove the completeness result, are not ADTs with liftedrafions. The behaviour
of lifted “must terminate” operations is restricted so tiratany state they either can
be performed and must terminate or cannot be performed andl@cked. Operations
that from some state may be performed and terminate or mity feerminate and are
blocked do not satisfy the lifted operation definitions infib#éion 3 and Definition 4.
So, any constructions containing such operations cann@&®Es with lifted opera-
tions, hence the failure of the completeness proof.

3 Data refinement and simulation

A programp calls a sequence of operations each from some ADfis sequence must
always start withinit and end withfinal. For ease of writingnit andfinal will often be
omitted, but must be assumed to be present.

! In what follows we allow “ADT” to range over all the possitiéis for ADTs (simple or exten-
sions) that we have seen so far.



Definition 5 If {0;}1<i<n are operation names from ADD and p is the program
0i,; Oj; ....; Oj, wherel < i; < nforl < j < m then we say is a program over
D and

D.p £init; D.o, ; D.oj, ; ...; D.oj, ; final

We also extend the various ways of giving semantics to ojpgraimes to programs
in the obvious way.

Definition 6 If {0;}1<i<n are operation names from ADD and p.is the program
0i,; Ojy; ....; 0j, wherel < <nforl <j<mthen

[D.p]* £ initp ; [D.0,]*; [D.0,]*; ...; [D.0i]*; finalp

whereX can be any of5, T or P and the appropriate extensions of initialisation and
finalisation forX are also used.

Definition 7 Data Refinement for guarded operations, writtenand possibly deco-
rated with super- and sub-scripts), is dependent on the s&osof the operations) of
the two data types which it relates AfandC are two data types anglis some program
over those ADTs then

ACXC£ [Cp[* C[Ap]*
whereX can be any 085, T or P.

If we can construct @imulationon a partial relation semantics, eitHferward or
backward between thé andC above then we know there is a data refinemfet C
from the well-known soundness of simulation.

. ~o— [A.a]* —=o— [Ab]* —o - o
[Anit* ] ! I 1 7 [Afina®
o~ . X\)\ @ S« S a «a . x>.
[C.init] \l_ ol _)l_ I _)l ...... i/ [C final]

Fig. 2. Backward simulation

Definition 8 Let A and C be ADTs. There is a backward simulation relation between
them iff there exists someC State: x State such that

1.initc;a C inita
2.V 0 € Opa.[C.0]%;a C o;[A.0]%
3.finalc;a C finala

Further, there is a forward simulation relation betwe&mandC iff there exists some
« C State x State, such that



F1. initc - a;initA
F2.Y0 € Opa.a;[C.0J* C [A.0]%;cx
F3.finalc C asfinala

whereX can be any of5, T or P and the appropriate extensions of initialisation and
finalisation forX are also used.

Thus we have one definition for backward and one for forwamlation. These
can be applied to both types of ADT: the state-lifted ADTs afiDition 2; and the
operation-lifted ADTs of Definition 3 and Definition 4.

3.1 Anaside

Before we move on, we make a remark that looks forward. Thwlstal proof of sound-
ness and completeness is based around the simple intuftoodelling operations as
relations and the sequential composition of operationslas@nal composition (as we
have done so far). But it is well known that modelling segisggiebmposition of opera-
tions as the relational composition of possibly partiahtieins has a meaning thatif-
fers from the meaning that would be be natural in a prograngniémguage’; Spivey
[7, p136]. This conceptual problem can be illustrated bkiog back at Fig. 1 and con-
sidering the relational compositidi.a]; [A.b] of the partial relations, the solid lines.
[A.a]; [A.b] is composed only of one element, the p@ir4); the possibility of the
A.b operation blocking aftef.a performs the movél, 2) is lost in the construction of
the relational composition. This problem clearly disappéfwe restrict ourselves to
total relations. Hence the usual way, which has been foltbal®ove, to avoid this well
known pitfall is to lift and totalise the relational semanstiprior to composition. But
this introduces a new “statel’ to represent non-termination or not starting. We would
note that because non-termination is unlike other statésamnot be observed directly
it is often thought undesirable to includein the model.

3.2 Soundness and Completeness

We writeCX for backward simulation and” _, for forward simulation. The Hoare, He
and Saunders soundness result applies to all the variding ld&nd totalising regimes
we have looked at above.

Theorem 1 Soundness of forward and backward simulation [1]
1. ACX CimpliesA C* C
2. ACX_, CimpliesACX C

Definition 9 Forward and backward simulation are jointly complete i#th exist ADTs
B ...B,_1 and there exist relations’ . . . a" such that

AC,1Bi1C,2By...Cin C



The important point is the existence of the intermediata tigies and the relations.
Hence this definition is dependent upon what it means to be@h &nd what is an
acceptable relation in this context.

The standard Hoare He and Saunders result [1] is that foravat dbackward simula-
tion are sound and jointly complete certainly applies todhta types over lifted state.
But as Boiten and Derrick [3] point out the joint completemés not valid for what
we call operation-lifted data types with the must-terméniaterpretation. It should be
noted that the result fails because of the restriction plarewhat operations are valid
in the ADT and thus it is not always possible to compute chafrsmulation between
operation-lifted data types that refine each other. In otdeegain the completeness
property all we need to do is relax this restriction.

2 b L c 1— final —L
1= 2 A
T3 b 4 c 5— final —e
€
__fina "
{1}— a—{2,8}— b —{4, L}— c —{5, 1}
o (A) final -~
__fina "
{wj—a—{xy,z}—=b—>{s,;t, L}—c—{r, L}
; : oT(C) ._'.v:' final N
: X——b ——s_ B
W eyl o i — 1
\z" b t c r— final —e

Fig.3. ACCasALL , p"(A)CL p'(C)CLC

The power-set construction [8] builds an intermediate AB&e(Fig. 3). We have
adopted the usual event-based convention and do not showptrations that are
blocked; in state-based terminology these are operat@miend atl .

Definition 10 Power-set construction on operation-lifted semantics.

LetA be some operation-lifted must-terminate A(BIatg, Opa, inita, finala, Nameg).
Let e be a member of the global state (we assume it is the only one gig need no
more).



Let RX) £ {y | 3x € X.(x,y) € R}. In particular, for any operation nama ¢
Namesg:
[a]"(X) = {y | 3x € X.(xy) € [a]"}.

Then,

0 (A) £ (p(Stata), o' (inita), ' (Opa), ' (finala), Names)
where
o' (inita) £ (e, inita(e))
o7(Opn) 2 {(a, (X, [a] (X)) | X C Stata A a € Names}
o' (finala) 2 {(X,f) | X C State, A f € finala(X)}

To show that forward and backward simulation are completh veaspect to data
refinement we apply the power-set construction to the {jftetalised)A andC thus
building T (A) andp™(C). A standard result is the existence of a backward simulation
ALl , p"(A) and a forward simulatiop™(C) ££ C.

PCl, o'(P)CLP

ThusP andg' (P) are refine equivalent.

We can view the output from the power-set construction asrenabform and it
can be seen that C C if and only if " (A) C p'(C). Further we can rename the
nodes used in the power-set construction so ¢H&n) C ©'(C) if and only if when
we ignore all unreachable states the concrete operatineiadinginit andfinal, are a
subset of the abstract operations with the same rame’ (A.0) 2 p'(C.0).

Thus both for data types with lifted operations which mustieate and data types
over lifted state forward and backward simulation are s@mtiwe have 0.p*(A.0) D
o (C.0) thatacts as a complete test for refinement.

3.3 The Logical Style of defining simulation

There are two basic styles we can take when defining simul&@tween ADTS, the
logical and the relational (as in the previous sectiondgsty

The logical style usually makes use of pre- and post-camiredicates (hence
our name for it). The pre-condition defines where the openasi defined (the image of
its relational semantics) and the post-condition definegétation between the initial
and final state of an operation. For simulation on a simple AD@&finition 1) with no
particular interpretation all that is needed in the logatgle is the strengthening of the
post-condition (remember we are dealing with guarded—kitme—semantics here).

Where the operations are to be interpreted as guarded ewkjarecondition and
totally correct:

Relational style we lift (add_L) and totalise the relational semantics and treas part
of the state space (Definition 8);

Logical style we define simulation as the preservation of the pre-condiiod the
strengthening of the post-condition.

10



This can be translated into conditions on the relationalesgits and is often done
in such a way that no reference tois needed. For people who are uneasy with the
inclusion of L (“what doesl really mean?” is a common puzzle) this is an advantage.

Definition 11 Logical style Let A and C be ADTs. There is a backward simulation
between them iff there exists som& State x State such that

1. initc;a C inita
2. Yo € Opa.donC.o] C a~*(donfA.o])
3. Vo € Opa.[C.0];a C «;[A.O]

4. finalc;a C finala

Clause 2 is the preservation of the pre-condition oapplicability condition and
clause 3 is the strengthening of the post-condition aoraectnessondition.

With data types over lifted operations (Definition 3 and Digifin 4) the logical and
relational styles of simulation are the same. But when welastypes over lifted state
(Definition 2) this is no longer true.

Remember there are data types over lifted state that areatatgpes with lifted
operations. By looking at these extra data types we can s¢eising Definition 8 is
not the same as using Definition 11 on a data type over lifite st

Any logical style of simulation that characterised Defmit8 would, because of the
extended set of relations allowable, require an additierplicit predicate to indicate
that some states were relatedlto

From this logical perspective we can say that the cost of haweng | to be in-
cluded in the predicates defining the behaviour of an operadithat the completeness
result has been lost for operation-lifted ADTSs.

Theorem 2 Completeness of simulation with respect to refinement forg¥andC:

[1] If A E C there exists a sequence of simulations between ADTsAranC
[Bl ACC = p'(A) 2'(C)

The lack of completeness of forward and backward simuldtiodata types with lifted
operations is important as it tells us that we cannot compliteefinements by con-
structing intermediate data types (with no explicit refer® to non-termination) and
computing forward or backward simulations. If on the othandh we permitted the
definition of operations to make reference to non-termamethen we would have the
completeness result.

Alternatively tools like B and Event B could be amended toagate the proof
obligations needed to establishif (A) O ©"(C). This one rule is complete but such
proof obligations may not be as easy to satisfy as the humaigded forward and
backward simulations.

4 Is L any more unobservable than any other state?

Elsewhere we have discussed, in much more detail, the cligilyservations that are
needed to define testing semantics that characterise disament as opposed to sin-
gleton failure refinement [9]. Here we do not need to be quitalsstract as we are only
considering what can be observed in order to motivate thalation relations we use.

11



Here we define contexts as being the set of states from whidparation can be
called, often called the pre-condition, and observatichbeing what can validly be
observed when an operation is executed from any given contex

If we assume that state and only state is observable then glet miake the fol-
lowing set of four observations: initial statexsinitial state isy, final state isx and
final state isy. From this we clearly have not effectively observed the bigha of the
operation. But if we observe traces of states then the fatigwet of two observations,
initial state isx followed by final state ix, and initial state iy followed by final state
isy, then we have observed some of the behaviour of the operation

We view the only possible observations of an operation todmepete tracesIr®,
i.e. to be pre-state/post-state traces, or sub-tracesahéfence the range of the ob-
servation function (which given an operation tells us what ean observe of it) is
a subset of all possible traces of states that the operasiorbe in, which we write
ranggObg C State. Using these traces observations we are able viewdded by
lifting, as no more than sugar for the actual observation gfi@rt trace, i.e. a trace of
length less than two.

The partial relation interpretation of some operatiboan be modelled by restrict-
ing the observations to being a single pre-state/post-ptit (i.e. a sequence of length
two) Obgy = Tr® |strec state@Nd UsingStateas the set of contexts. To summarise:

Definition 12

Spr £ {[x | x € Statg Obsy = Tr’ |state« state

For example, a partial relation interpretation of operaEoverState= {x, y} that
maps the initial statg, to a final statex is represented by the partial relation:

[[Eﬂ (Zpr,Tré| statex statd {(y’ (y’ X))}

Clearly the first observation of the initial state is redumicks it appears as the context
and hence, without loss of detail or generality, we can dtop from the relational
semantics. So our example can be written

[Elor = {(y, %)}
the usual partial relational semantics.

By expanding the contexts to includ¢ to represennot startedand by not re-
stricting the observations to being traces of length two,aneable to observe more
behaviour:

Definition 13

Zop = {[x | x € StateU {()}} Obspp = Tr°

12



Returning to the example operati&hwhich maps initial statg € Stateto a final
statex € State let us assume we want to adapt it to model an operation thetr ne
terminates when started ¥nand always terminates when started/ifmfhe empty trace
of observationg) can be made only if the operation never starts, so we(ada the
set of contexts to represent not starting. Hence the relatemantics of our adapted
example[E] =, 1re) is {(Y, (¥, X)), (x, (x)), (), ()} (see Fig. 4).

Yy——=:%) Y

y Y. y
[E] (Zop,T®)  ¥———(X)  [E]sten X\_\X [E] ste Xi\
O—0 0 0 af 1

Fig. 4. Semantics of operations

x

We transform our relational semantics into the more usastgb-state semantics in
two simple steps. Step 1: the trace of observations is atpte/gost-state pair wheh
terminates and just the pre-state witedoes not terminate. As the pre-state is known
from the domain of the relation it, without loss of genesalitan be removed (see
[Elsten in Fig. 4). Step two: by conventiof) is represented by and hence the se-
mantics of our example becomgg, X), (x, L), (L;L)}.

In Fig. 4 we have assumed:

1. that nothing can be observed of an operation that has heesr started hence
maps tol and only toL

2. the operation iguarded outside of pre-conditidrencex is mapped taL and only
to L

3. we made a total correctness assumption, i.e. Ehathen started in statg will
terminate in state, hence(y, 1) is notin the semantics.

All-in-all this gives the semantics for an operati@rto be:

[O] = [Olpr U {(x, L)) [ =3r.(x,1) € [Ofpr} U{(L, L)}

which for our example i§(y, X), (x, L), (L, L)}

From the perspective outlined here an observation is notadé $n isolation but
traces of states and is just sugar for the observation of short traces (length fean
two) and these short traces are just as observable as “riomaeds of length two.
Because of this it can be argued that, from the perspectivehat is observable, we
have no pressing reason to excluddrom a predicate used to define the observable
behaviour of an operation.

With predicates that define both the terminating behavioer,observations of
length two, and the non-terminating behaviour, i.e. olestinas of length less than two

(predicates that include), all we need in the logical style of simulation definition is
the weakening of the post-condition.

13



4.1 Simulation relations and observations

The simulation relatiom relates the abstract and concrete state. This statettorsta
lation is then lifted to a relation that takes accountlofSo, what restrictions, flowing
from the discussion in the previous section, might thererba simulation relation, if
any?

Recall that we explain_ as a “short” trace, i.e. a trace which is either of length
one or of length two: the former indicates a computation Hzest not started (and so it
has not finished either), and the latter indicates a comiputétat has started but not
finished. So, an operation will always map stat¢o itself, because then we are asking
what the operation does if it does not start, and it clearlgsdaot finish, so the trace
is (). What state should a simulation relateltovhen it indicates non-starting? It does
not seem to be sensible for it to relate a non-starting stea@ything but a non-starting
state.

What of the situation whergé indicates an operation that did start, but which did not
finish? Again, it does not seem sensible for a simulationlti@e situation in which an
operation does not finish when started in a certain state/thigag but another operation
starting in that state and also not finishing.

So, we would argue that a simulation can relateand only L, to only L.

If we accept the motivation we have just given and restriesimulation relations as
suggested then the completeness proof of forward and badlsiraulation fails even
for state-lifted data types. This is becaus@nd €% are no longer valid simulation
relations. But from this alone we cannot conclude that tiermo other sequence of
restricted forward and backward simulation relathagp C or relatingC to A in Fig. 3.

It should be noted that the simulation relation is not singplifted relation, as can be
seen by considering stafé, L}. In addition, thefinal operation is non-deterministic.
The point being that if we restrict the simulation relatiordor the relational semantics
of the operations (thénal operation in this case) to being lifted relatiofis}*, then
the standard completeness proof fails.

Our restricted simulation relations become useful to ukémiext section where we
discuss singleton failure semantics, and from the res@iltseonext section we can see
the impossibility of relatingd to C (Fig. 3) by the restricted simulation relations.

5 Singleton Failure semantics

First, a little notation: for ADTA let s— | be event-based notation short fer L) e

[a]™ and wherep is a sequence of operations &t—-s be notation for(e,s)) €
inita A (Sa,S) € [p]" (sosa is a start-state andis a program).

Definition 14 Singleton failures semantics of AIAis given by sF where:

SF(A) 2 {{(p,a)} | sa € State, A sp—~>S A s 1 }U
{(p,{}) | sa € State, A Is.sp—2-8}

Also, for ADTSA andC,
A Csr C £ sF(C) C sF(A)
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Previously, using the processe®imndC,we have shown that backward simulation
is not sound with respect to singleton failure semantics lggre we will show that
using the restricted simulation relations we can estalthsit forward and backward
simulation are sound with respect to singleton failure s#ios.

5.1 Sound restricted simulation relations

The definition of singleton failure semantics depends oreftistence of a statesuch
thatn # L (the second element of the union in Definition 14) but thispgrty is not
preserved by the unrestricted simulation relations in tle¥ipus section, whereas the
restricted simulation relations do preserve the propery L, 1.e. if (X,y) € « then
X#1L&ey#£ L.

Soundness with respect to singleton failure semanticevislifor this restricted set
of simulation relations.

Theorem 3 Soundness of restricted simulation relatiodetween ADT# andC:

1. AC! CimpliesA Csr C
2. AC]_, CimpliesA Cse C

From the soundness we can see that any sequence of simsiiaiate pairs of pro-
cesses that are singleton failures refinements of each ofiiyerGiven the transitivity
of singleton failure refinement we can see that by restidtire simulation relation we
will never be able to relatd to C by simulation in Fig. 3 as it is easy to verify that
A Zse C. But A C C (data refinementiloeshold, hence with the restricted simula-
tion relation forward and backward simulation are not castghlith respect to data
refinement, even if we use operation-lifted data types.

5.2 Completeness

To show completeness we apply a “guarded” power-set cartgiru This is the appli-
cation of the power-set construction to the original stétesnot includingLl) only.

Definition 15 Guarded power-set construction of on ABT (State, inita, Opa, finala)
restricted to Statg without_L is
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A program using the constructed data types has a deteriipath between el-
ements ofp(Statg, but with potential non-determinism where one branch ends. a
Just like for data refinement this construction requirea tigies from Definition 2 not
Definition 3 or Definition 4. Hence our completeness prodk lihat in Section 3 for
ADT, is only correct for state-lifted ADT and is incorrectrfoperation-lifted ADT.
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See Fig. 5 for an example of the use of the definition. Notetthwing restricted the
simulation relations we are able to construct simulatidati@ns between a restricted
set of ADTs only. Althoughp™(A) D ' (C) (Fig. 3) we find thap(A) 2 ¢(C) (Fig. 5).
This is just what we want a& Zsr C butC Cge A

1— final —_L

\
o
>
o

1= .
T3 b 4 c 5— final —>e
(S
{1}— a—{2, 3< b —{4}— ¢ —{5}— final —o
: b ~ - p(A)

l——c——1—final —L

{W}— a —>{x;"y7 zZ}—b —»{s t}—c %{r}— final —>e

b_ c. »(C)
TSN el —1
e—l
X b ——S
/ \
a C C \
W gy p— i N frai—
\ .
\Z b t c r final —e

Fig.5. A T, p(A) andp(A) 2 6(C) butp(C) 2 p(A)

Thee relation betweerh andp(A) preserves the singleton failures. From the Def-
inition 15 it is easy to see that(A) 2 ©(C) if and only if p(A) Csr p(C).

Theorem 4 There are completeness results for singular failures seitsthat are sim-
ilar to known results for data refinement. L&tandC be ADTs wherd Cge C. Then:

Similarto [1] If A =sr ©(A) there exists a sequence of forward and backward simula-
tions fromA to C
Similar to [3] p(A) 2 p(C) ifand only if o(A) Cse 9(C)

Theorem 4 provides us with a single complete rule for singléailures semantics.

Althought our completeness proof is applicable to stdtedi ADT only, we are
not asserting that an alternative approach might not peogidompleteness proof for
operation-lifted ADTs too. Constructing an intermediat@Pwhere all nondetermin-
ism appears in thimit operation appears a promising first step in the desigh of auch
proof.
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6 Conclusion

The known results for ADTs with guarded operations and d tataectness interpre-
tation are:

State-lifted ADT have the properties:

1. forward and backward simulation are sound [1]

2. forward and backward simulation are jointly complete [1]

3. there is a single complete refinement rdle= C < o' (A) 2 p'(C) [2]
Operation-lifted ADT have the properties:

1. forward and backward simulation are sound [1]

2. p'(A) is not a data type with lifted operations and forward and back sim-

ulation arenot jointly complete [3]
3. there is a single complete refinement rile= C < o' (A) D o' (C) [2]

The results for singleton failure semantics that we havehinaaxchecked are:

Singleton failures refinement for state-lifted ADT has the properties:
1. amended forward and backward simulation are sound
2. amended forward and backward simulation are jointly detep
3. there is an amended single complete refinement AllEsg C < p(A) 2

p(C)
The amendment we have made to the definition of simulaticatiogls has been

motivated simply by considering what can be observed wheopanation is executed
(in Section 4).
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