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• Lax Refinement tackles both



Generic Tools
via General
Refinement

Reeves,
Streader

Motivation
Formal Methods
straight jacket

Example

Lax
Refinement
Lax Refinement in
two parts

General refinement

Vertical refinement/
Galois Connection

Example

Summary

Stepwise Refinement v

• A v C is a formal guarantee that C satisfies A
• Two parts of the straight jacket

1 Fixed interaction
2 Refinement is reduction of nondeterminism.

• Lax Refinement tackles both



Generic Tools
via General
Refinement

Reeves,
Streader

Motivation
Formal Methods
straight jacket

Example

Lax
Refinement
Lax Refinement in
two parts

General refinement

Vertical refinement/
Galois Connection

Example

Summary

Stepwise Refinement v

• A v C is a formal guarantee that C satisfies A
• Two parts of the straight jacket

1 Fixed interaction
2 Refinement is reduction of nondeterminism.

• Lax Refinement tackles both



Generic Tools
via General
Refinement

Reeves,
Streader

Motivation
Formal Methods
straight jacket

Example

Lax
Refinement
Lax Refinement in
two parts

General refinement

Vertical refinement/
Galois Connection

Example

Summary

1 - Fixed interaction

Seperate theories

CSP Failure

CCS Bisimulation

IOA Trace

sFail

PPR

B Undef

Event B Gard

Z



Generic Tools
via General
Refinement

Reeves,
Streader

Motivation
Formal Methods
straight jacket

Example

Lax
Refinement
Lax Refinement in
two parts

General refinement

Vertical refinement/
Galois Connection

Example

Summary

1 - Fixed interaction

CSP Failure

CCS Bisimulation

IOA Trace

sFail

LTS

PPR

B Undef

Event B Gard

Z



Generic Tools
via General
Refinement

Reeves,
Streader

Motivation
Formal Methods
straight jacket

Example

Lax
Refinement
Lax Refinement in
two parts

General refinement

Vertical refinement/
Galois Connection

Example

Summary

1 - Fixed interaction

CSP Failure

CCS Bisimulation

IOA Trace

sFail

LTS

PPR

B Undef

Event B Gard

Z



Generic Tools
via General
Refinement

Reeves,
Streader

Motivation
Formal Methods
straight jacket

Example

Lax
Refinement
Lax Refinement in
two parts

General refinement

Vertical refinement/
Galois Connection

Example

Summary

Refinement is strictly reduction of nondeterminism
• A strict view of reduction of nondeterminism.
• Undefined outside of domain
• A more Lax view outside of the frame



Generic Tools
via General
Refinement

Reeves,
Streader

Motivation
Formal Methods
straight jacket

Example

Lax
Refinement
Lax Refinement in
two parts

General refinement

Vertical refinement/
Galois Connection

Example

Summary

Refinement is strictly reduction of nondeterminism
• A strict view of reduction of nondeterminism.
• Undefined outside of domain
• A more Lax view outside of the frame

A

a e

b f

C

a e

b f



Generic Tools
via General
Refinement

Reeves,
Streader

Motivation
Formal Methods
straight jacket

Example

Lax
Refinement
Lax Refinement in
two parts

General refinement

Vertical refinement/
Galois Connection

Example

Summary

Refinement is strictly reduction of nondeterminism
• A strict view of reduction of nondeterminism.
• Undefined outside of domain
• A more Lax view outside of the frame

A

a e

b f

C

a e

b f

c g



Generic Tools
via General
Refinement

Reeves,
Streader

Motivation
Formal Methods
straight jacket

Example

Lax
Refinement
Lax Refinement in
two parts

General refinement

Vertical refinement/
Galois Connection

Example

Summary

Refinement is strictly reduction of nondeterminism
• A strict view of reduction of nondeterminism.
• Undefined outside of domain
• A more Lax view outside of the frame

A

a e

b f

C

a e

b f

c g



Generic Tools
via General
Refinement

Reeves,
Streader

Motivation
Formal Methods
straight jacket

Example

Lax
Refinement
Lax Refinement in
two parts

General refinement

Vertical refinement/
Galois Connection

Example

Summary

Where are we?

1 Motivation
Formal Methods straight jacket
Example

2 Lax Refinement
Lax Refinement in two parts
General refinement
Vertical refinement/ Galois Connection
Example



Generic Tools
via General
Refinement

Reeves,
Streader

Motivation
Formal Methods
straight jacket

Example

Lax
Refinement
Lax Refinement in
two parts

General refinement

Vertical refinement/
Galois Connection

Example

Summary

First specify correct behaviour later specify errors

Correct Behaviour

SetA

StateA = s : PN
PutA(n?)
If n? /∈ s then
s′ = s ∪ {n?}

GetA(n!)
If n! ∈ s then
s′ = s\{n!}

SetC = SetA + errors

StateC = t : PN ∪ {X}
PutC(n?)
If t 6= X ∧#t < 3 ∧ n? /∈ s then
s′ = s ∪ {n?} elseif
t 6= X ∧ n? /∈ s ∧#t = 3 then
t = X

GetC(n!)
If t 6= X ∧ n! ∈ s then
s′ = s\{n!}
ResetC
If t = X then t ′ = ∅
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Is SetA v SetC ?
• In most formalisms NO!

• In most formalisms SetA allows Put∞

• But informally we might want to do just this
• If so what could SetA formally specify

• We interpret SetA as only guaranteeing behaviour when
no errors occur. Thus when:

1. state remains in StateA and
2. only operations in SetA are called/observed.

• Lax refinement will formalise such development steps
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What is refinement?
• The concrete entity C is a refinement of an abstract

entity A when no user of A could observe if they were
given C in place of A.

• To formalise this we use:
• Entities A and C from some set E
• Contexts x ∈ Ξ in which we place the entities [A]x ∈ E
• A user formalised by an observation function O : E → O

• O is the set of complete traces
•

A vΞ,O C , ∀x ∈ Ξ.O([C]x) ⊆ O([A]x)
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Concrete refinements
• General Refinement is made concrete by fixing E, Ξ

and O
• The denotational semantics of entities is a relation:

JAKΞ,O , {(x , o)|x ∈ Ξ, o ∈ O([A]x)}

• Refinement is subset or implication in a logical theory:
A theory T is pair (ET,vT)
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Lax = General + Vertical

1 General refinement (2003)
2 Vertical refinement

General Specific Models in two layers H and L

Entities +
Refinement

(EX,vX)

H

AH BH XH CH

vH vH
vH

Vertical
Refinement

vv

L

AL BL CL

vL vL

v
h
l

v
h
l h
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h
lAX = L

X
= H

v = hl



Generic Tools
via General
Refinement

Reeves,
Streader

Motivation
Formal Methods
straight jacket

Example

Lax
Refinement
Lax Refinement in
two parts

General refinement

Vertical refinement/
Galois Connection

Example

Summary

Galois Connections are theory morphism
• Different kinds of entities have different theories
• Galois connections interpret one theory in another and

vice versa
• A Galois connection is a pair of functions: J_KHL

v one
from the high- to low-level theory the other vAHL_ from
the low- to high-level theory.

JXHKHL
v vΞL,OL YL ⇔ XH vΞH,OH vAHL(YL)

• We refer to our Galois connections as vertical
refinements as they provide a guaranteed of the
behaviour of the high-level entities in term of the
behaviour of the low-level entity and vice versa.
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Subset morphism
• Subset theories are related by a Galois connection
• If ΞA ×OA ⊆ ΞC ×OC then the embedding and

projection functions are a Galois connection.
• Example A vsub C

ΞA OA

a e

b f

c g

ΞC OC

OA , {e, f, g}

ΞA , {a, b, c}

a e

b f

c g

X X
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From SetA to SetC in three steps

• Step one: state-based subframe morphism v{X}
sub .

• Step two: general refinement

• Step three event-based subframe morphism v{Reset}
sub .

SetA v
{X}
sub SetX v SetB v

{Reset}
sub SetC
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Step 1 from SetA to SetX {X} is outside the frame
SetA

StateA = s : PN
PutA(n?)
If n? /∈ s then
s′ = s ∪ {n?}

GetA(n!)
If n! ∈ s then
s′ = s\{n!}

Setx

StateX = s : PN ∪ {X}
PutX(n?)
If s 6= X ∧ n? /∈ s then
s′ = s ∪ {n?} ∨ s′ = X
GetA(n!)
If s 6= X ∧ n! ∈ s then
s′ = s\{n!} ∨ s′ = X
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Summary

Step 2 from Setx to SetB General Refinement

Setx

StateX = s : PN ∪ {X}
PutX(n?)
If s 6= X ∧ n? /∈ s then
s′ = s ∪ {n?} ∨ s′ = X
GetX(n!)
If s 6= X ∧ n! ∈ s then
s′ = s\{n!} ∨ s′ = X

SetB

StateB = t : PN ∪ {X}
PutB(n?)
If t 6= X ∧ n? /∈ t ∧#t < 3 then
t ′ = t ∪ {n?} elseif
t 6= X ∧ n? /∈ t ∧#t = 3 then
t ′ = X

GetB(n!)
If t 6= X ∧ n! ∈ t then
t ′ = t\{n!}
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Step 3 from SetB to SetC Reset is outside the frame

SetC = SetB + ResetC

StateC = t : PN ∪ {X}
PutC(n?)
If t 6= X ∧#t < 3 ∧ n? /∈ s then
s′ = s ∪ {n?} elseif
t 6= X ∧ n? /∈ s ∧#t = 3 then
t = X

GetC(n!)
If t 6= X ∧ n! ∈ s then
s′ = s\{n!}

ResetC
If t = X then t ′ = ∅
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Summary

• Tools in two parts decouples semantics analysis from
syntax.

• General refinement factors out a common theory
• Vertical refinement liberalises refinement
• lax refinement = general + vertical refinement
• Much of what once needed retrenchment can now be

performed by lax refinement

• To Do
• Build a tool similar to CSPproover
• Build Denotational semantics as metric spaces
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