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Abstract

This paper investigates the relation be-
tween replicability of experiments for decid-
ing which of two algorithms performs bet-
ter on a given data set. We prove that lack
of replicability is not just a small data phe-
nomenon (as was shown before [1, 2, 3]), but
is present in experiments on medium and
large data sets as well. Counter intuitively,
under particular circumstances replicability
can slightly decrease when more data is avail-
able for an experiment.

In this paper, we establish intuition in the
relation between data set size, power and
replicability. The main factors for improving
replicability appear to be increasing the num-
ber of samples and carefully selecting a sam-
pling method. Unfortunately, for large data
sets and/or inefficient learning algorithms,
this implies that experiments may take a long
time to completion.

1. Introduction

Comparison of classifiers through emprical measures
forms one of the foundations of meta learning and
in fact machine learning in general. Almost any ma-
chine learning paper contains presentations of empiri-
cal data. Designing a machine learning experiment is
a problem with a lot of pitfalls [4, 6, 7, 8]. One such
pitfall is whether other researcher can replicate the
data presented in such works is an issue that is often
overlooked. It was shown [1, 2, 3], that many popular
experiments for deciding which of two algorithms per-
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forms better for a given data set lack replicability when
the data set is small. For example, for a paired t-test
on a 10 fold cross validation experiment the probabil-
ity that two experiments produce the same outcome
can be as low as 66%, which is only slightly better
than the 50% obtained by randomly selecting one of
the two algorithms.

Research so far has concentrated on small data sets
[1, 2, 3]. In this paper, we study the effect of data set
size on replicability of experiments.

The problem we investigate is given a data set D and
two learning algorithms A and B, decide which one
we should select for the given data set based on ex-
pected accuracy. In order to make the decision, we
perform an experiment where we split D in a train-
ing set D; C D and test set containing the remaining
instances D\D;. Then we train A and B on D; and
measure performance on D\ D;. In some experimental
designs, this process is repeated several times which
provides us with a larger sample. We perform a hy-
pothesis test on the sample with null hypothesis that
the two algorithms perform the same on D.

This paper is organized as follows. The following sec-
tion summarizes terms, definitions and various experi-
mental designs. In Section 3, we perform a theoretical
analysis of McNemar’s test, which can be done thanks
to the simplicity of the test. In Section 4, we look
at the influence of the difference between algorithms
A and B on replicability and establish a relation be-
tween power and replicability, in particular worst case
replicability. We look at various experimental designs
and perform an empirical analysis of them. We end
with conclusions and directions for further research.



2. Experimental design

We summarize four popular and/or effective experi-
mental designs suitable for selecting a learning algo-
rithm for a given dataset. For more details see [4]
for McNemar’s test, [7] for (corrected) resampling and
[1, 2, 3] for the remaining tests.

2.1. McNemar’s test

McNemar’s test [4] is based on a single train/test split
of D. This can be considered a sign test [9] in disguise,
so the only assumption is that the test instances are
independently and identically distributed. We count
the number of cases where algorithm A is correct but
B is not, denoted by mig, and the number of cases
where B is correct but A is not, denoted by ng;. If
A and B perform the same, we would expect that n1g
and ng; are approximately the same. The statistic
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T = (1)
exploits this idea and T is distributed approximately
according to the 2 distribution with 1 degree of free-

dom. So, at the 5% significance level we can reject the
null hypothesis if T > x7 95 = 3.841459. Alterna-
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tively, one can use T = N which is normally

distributed (for n1g + no1 > 25) [5] and easier to ana-
lyze.

2.2. Resampling test

Let a; and b; be the accuracy of algorithms A and B
respectively, measured on run j (1 < j < r). Assume
that in each run r; instances are used for training, and
the remaining rp instances for testing. Let z; be the
difference z; = a; — b;, and fi and 62 the estimates
of the mean and variance of the r differences. The
statistic of the “corrected resampled t-test” is:

P (2)

(5 +52)02

This statistic is approximately distributed according
to Student’s t distribution with » — 1 degrees of free-
dom. The difference to the standard ttest (which
shows unacceptable high Type I error [4]) is that the
factor % in the denominator has been replaced by the
factor % + 2. The result is a test which tends to have
an acceptable Type I error [7].

2.3. Repeated Cross Validation test

Cross validation splits the data D into k approximately
equal parts Dy, ..., Di, and learns on the data D\D;,

1 < i < k with one part left out. The part D; left out
is used as test set, giving n = k accuracy differences
z; = Pai— Ppy.

To obtain more samples, we can repeat k-fold cross val-
idation r times with different random splits into folds
for each of the runs. This gives us r x k accuracy dif-
ferences. Let £;;, 1 < i < r, 1 < j < k denote the
difference in accuracy of algorithms A and B in the
ith run on the jth fold. Here A and B are trained on
the £ — 1 remaining folds in the ith run. We obtain a
sample of size n = r x k by using all of the accuracy dif-
ferences z; ; (formally by setting z; = Z; mod r,[i/r])-

Let i and 62 the estimates of the mean and variance
of the accuracy differences x;;, then the statistic (2)
can be used with ry/ro = 1/(k —1).

2.4. Sorted Cross Validation test

One gets better estimates of a k-fold cross validation
experiment by first sorting the results for the indi-
vidual k-fold cross validation experiments and then
taking the average [1, 2]. This way, the estimate for
the minimum value is calculated from the minimum
values in all folds, the one but lowest from the one
but lowest results in all folds, etc. Let Zg(; ;) be the
jth highest value of accuracy difference Z; ;» of run .
Then, the sample consisting of k values is defined by
x; = o1 &g(a/r- Let fi and & be the mean and

variance of z;, then t = —£— (that is, like Equation
) (% )62 )

(2), but without correction factor) is approximately
distributed according to Student’s ¢ distribution with
k — 1 degrees of freedom.

2.5. Evaluating Experiments

Experiments can be judges on a number of criteria:

e The Type I error is the probability that the conclu-
sion of an experiment is there is a difference between
algorithms, while in reality there is not. In theory, the
Type I error equals the significance level chosen for the
hypothesis test if none of the assumptions of the test
are violated.

e The Type II erroris the probability the conclusion of
an experiment is there is no difference between algo-
rithms, while in reality there is. The power is defined
as 1 minus the Type II error. The power is not directly
controllable like the Type I error is. However, there
is a trade-off between power and Type I error and a
higher power can be obtained at the cost of a higher
Type I error.

e Replicability of an experiment is a measure of how
well the outcome of an experiment can be reproduced.
It is defined as the probability that when performing



the same experiment twice, we get the same outcome
in both experiments.

o Computational cost of an experiment is the amount
of calculations required for performing the experiment.
Since the computational complexity of training and
testing of most learning algorithms grows proportional
to the data set size, this is especially a concern with
large data sets.

3. Analysis of McNemar’s test

In this section, we analyze the Type I and worst case
replicability of McNemar’s test. We define Type I
Replicability as the replicability of an experiment when
the null hypothesis holds (so when the two learning al-
gorithms have the same performance). An experiment
can be expected to reject the null hypothesis while
the null hypothesis holds with a probability equal to
the significance level a.. In this situation, if two ex-
periments with only different randomizations of the
data would produce independent outcomes the Type
I replicability would be equal to the probability both
experiments reject the null hypothesis (« - «) plus the
probability both experiments accept the null hypoth-
esis (1 —a) - (@ —1)). Together, this is 1 — 2a + 22,
which is the lower bound on Type I replicability. For
example with o = 5% minimal Type I replicability is
90.5%. Note that this lower bound is independent of
data set size.

In reality, the outcomes of two experiments will not
be the same since there is overlap in training and test
sets. We analyze the Type I error for McNemar’s test.

First, we slightly reformulate McNemar’s test in or-
der to facilitate analysis. One interpretation of McNe-
mar’s test is that it is a sign test [9] with p = 3.
For every instance in the test set, either algorithm
A wins, contributing one to the number of pluses
(#+) or algorithm B wins, contributing to the num-
ber of minuses (#—), or both perform the same and

w with
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p(+) = % and n = (#+) + (#—) is approximately
normally distributed. Note that we can rewrite Z as
7 = p()=05 _ 255D _ 1/nQ#HD-@#H-(#) _
V33/n 1/n Vi/n
M\/ﬁ(#_) = (n01 — nlo)/\/n(n —+ ni10. Comparing
with Equation (1) shows that T is just the square of Z
when we ignore the continuity correction term ' — 1’.
This is allowed since its influence vanishes with large
data sets, so we ignore it in the following analysis. So,
we can reject the null hypothesis in a two sided test if

Z> ZO‘/2 = NOZ/2(071) =1.96 for a = 5%

the instance is ignored. Now, Z =

3.1. Type I replicability

Assume algorithm A and B perform the same on a
domain from which data set D is drawn. Consider
two experiments using McNemar’s test with 100(1 —
t)%/100t% test/train split of the data D at signifi-
cance level o with corresponding threshold point Z,, 5.

With probability 1—c, the first experiment accepts the
null hypothesis (note that this is regardless of the size
of D). Let D; 1 and D; 3 be the test set in experiment 1
and 2 respectively. In the optimal situation, algorithm
A and B produce the same outcomes on instances in
D;1 N Dy in both experiments. (This is a reason-
able assumption for large data sets and stable learn-
ing algorithms.) The expected sum of '+’s and '—’s

(denoted by x) in Dy is f_ZZj2 z - N(0,4)dz which

is 0 by symmetry of the normal distribution N (0, %)
So, the distribution of '+’s and '—'s in Dy 2 N Dy 1 is
equal to that in D, 5\ Dy 1. Therefore, the probability
that the second experiment accepts the null hypoth-
esis given that the first experiment did is 1 — a. In
total, contributing (1 — ) - (1 — @) to replicability.

With probability «, the first experiment will re-

ject the null hypothesis. Assume that there are

no draws in the experiment, hence n = |D;1| =

|D¢2| (later we will relax this assumption). The ex-

pected sum of '+'s and '—'s (denoted by z) in Dy

is E(xlr > Zysp2) = fz/zx - Pxlr > Zyo)dx =
oo

prI cP(z,x > Zoyo)/ Pl > Zypo)de = [, x-

/2

N(0,1)/(a/2)dxr = fZ/Qx - \/%6_12/2@0/(0[/2) =

—z2 Jove) _72 .
—\/%e /2|Za/2/(a/2) = \/%e Zas2/?J(«/2) which
is approximately Z, /o (actually, slightly higher).!

So, the expected number of "+’s in Dy 2 N Dy 1 is Z /2,
while in Dy 2\D; 1 it still is 0. So, the probability of
selecting a ’+’ inside D; 2 N Dy 3 is % + Zo)2/n where
n = nop1+n10. The probability of selecting an instance
in D;o N Dy is proportional to the test set size t.
Therefore, the probability of selecting a '+’ in Dy o is
t- (3 + Zaoj2/n) plus (1 —t) - 5 equalling p’ = 1 +¢-
ZQ/Q/TL.

So instead of drawing from D with p = %, we draw
with p’. This implies that m’ = E{ng1 —nio} = np’ —
n(l1—p') =2-t-Z, 5 and variance o’ = \/np'(1 - p’).
Therefore, the probability that experiment 2 rejects
the null hypothesis given experiment 1 does is the
probability N(m',0") = N(2tZys, /np'(1 —p')) =
N(2tZy /2, 53/N) > Zoy2, since p' is approximately 3

1Using plot [x=0:8] 1.0/(sqrt(2.0*pi)) *exp(-

(x*x)/2.0)/(1-norm(x)),x,0.97*x+0.33 in gnuplot shows
this.



for large n. So, the probability that experiment 2 re-
jects the null hypothesis given that experiment 1 re-
jects goes to a + € where € increases with increased
t and € — 0 with increasing n. In total, this case is
contributing « - (o + €) to replicability.

In case there are draws in the two experiments, ...

Total replicability is (1 —a) - (1 —a) +a- (a+¢€) =
1 — (2 — €)a + a? where € increases with increasing
test set size ¢ and decreases with increasing data set
size. Surprisingly, Type I replicability decreases with
increasing data set size.

3.2. Worst case replicability

In the appendix, we perform a formal analysis of the
worst case replicability of McNemar’s test. In sum-
mary, under some mild assumptions, worst case repli-
cability does not depend on the size of the data set and
increasing the data set does not increase replicability.

4. Power and Replicability

In this section, we consider the behavior of various ex-
perimental designs empirically. We use an artificial
learning task, which allows us to control various pa-
rameters in the experiment.

Task I: Consider a data source over a binary class vari-
able y € {0,1} and an independent binary attribute
x € {0,1}, each value occurring with equal probabil-
ity. Learning algorithm A always predicts 1 while algo-
rithm B assigns the value of x to y, so both algorithms
ignore the training set. Note that in this case the null
hypothesis that A and B perform the same is true. The
task is to decide whether A or B is better or whether
both perform the same by performing an experiment
on the data set.

We can measure power by controlling the expected dif-
ference in accuracy between algorithm A and B for
Task I simply by controlling the probability that the
data source produces combinations of x and y. First,
fix the probability that y = 0 to 3 (so P(y = 0) =
P(y = 1) = 3). This way, algorithm A, which always
classifies y as 1, will have expected accuracy of % (No
reasonable algorithm will produce a worse accuracy on
binary classes.) Further, fix the probability z = 0 and
y = 0 to the probability x = 1 and y = 1 to ¢ (i.e.
Plx=0,y=0) =Pz =1,y = 1) = q) and likewise
Pz =0,y=1) =Pz =1,y =0) = 3 — q. Note ¢
has to be less than % to make the distribution sum to
1. The accuracy of Algorithm B (which predicts for
y the values of z) is the probability that z = 0 and

y = 0 plus the probability x = 1 and y = 1, which

isPx=0,y=0+Plx=1y=1) =q+q = 2q
Further, if ¢ less than %, the accuracy of Algorithm
B is less than %, which is unreasonable since invert-
ing its prediction would increase the accuracy. So, it
is reasonable to vary ¢ in the interval [%, cee %] The
expected difference in accuracy between A and B is
2q — % (since the expected accuracy of B is 2¢ minus
expected acc. of A is %), so this is completely con-

trolled by parameter q.

We draw 1000 data sets and perform experiments 10
times on each of the data sets drawn and increase the
difference in accuracy of A and B in 100 steps. So,
a total of 1000x10x100 is one million experiments is
performed for each data set size.

4.1. McNemar’s test

Figure 1 shows power and replicability of a McNemar
experiment with 10%/90% test train split.

In general, power increases with increasing data set
sizes, a well known property of hypothesis tests. Repli-
cability decreases where power increases up to 50%
and increases after that point. Worst case replica-
bility occurs where power is circa 50%. Replicability
goes to 100% where the power goes to 100%. Type
I replicability slightly decreases with increasing data
set size. This trend continues; for 90%/10/is 86.5%,
85.6%, 84.4%, 83.0%, 80.5% and 82.0% for 1, 2, 10,
20, 100 and 200 thousand instances in the data set re-
spectively. This confirms our analysis in the section
on independent data.

Also remarkable is that worst case replicability does
not change with increasing data set size, which we ex-
pected from out theoretical analysis. Indeed, the trend
continues for larger data set sizes. For n = 20.000, we
found worst case replicability of 6.4% at difference in A
and B of A = 6% and 46.2% power, For n = 100.000,
replicability is 7.0% (A = 3%, 54.4% power), and for
n = 200.000, replicability is 6.7% (A = 2%, 51.8%
power). So, it appears that worst case replicability is
indeed a property inherent to an experiment.

Figure 1 also shows results for 33%/66% and 50%/50%
test/train splits. Increasing the test set size increases
power. As expected from our analysis, increasing the
test set size increases worst case replicability. This
is due to increasing overlap in test sets, which causes
performance between experiments to be more similar,
hence increase replicability of the experiments. How-
ever, increasing test set size does not increase Type 1
replicability. Worst case replicability is very low for
each of the train/test split values. When an exper-
iment is performed in the unacceptable replicability
area (replicability less than 90%) another experimen-



Figure 1. McNemar test for various data set sizes. 90%/10% train/test split left, 66%/33% train/test split middle, and
50%/50% split right. X-axis shows the difference in accuracy of algorithm A and B. Y-axis shows power (monotonically
increasing curves) and replicability (curves with a local minimum) in percentage.
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tal design should be chosen. The results from Figure
1 suggest that increasing the test set size is one way
of changing the experiment and increasing replicabil-
ity. Alternatively, a resampling experiment should be
performed.

4.2. Resampling

Figure 2 shows power and replicability of a 10x resam-
pling (graph on the left) experiment for data set sizes
of 1, 2 and 10 thousand instances. It shows the effect
of increasing data set sizes on power and replicability.
The trends in power and replicability are similar to
that of 10x resampling; power increases with increas-
ing data set size; replicability has a minimum where
power is 50%; worst case replicability does not change
with data set size.

Comparing with 90%/10% McNemar test (Figure 1)
we see that power and worst case replicability in-
creases. However, Type I replicability decreases. Com-
paring with 50%/50% McNemar test, we see that both
power and replicability are worse over all. This comes
at about a two times larger cost (processing 50% of
data once for McNemar vs. processing 10% of data 10
times for 10x resampling).

Some interesting observations comparing 100x and 10x
resampling; The Type I error remains about the same
and power increases by taking more samples (about
twice as good). Likewise, replicability increases by
taking more samples. The worst case replicability is
considerably better when taking more samples. Un-
like McNemar’s test, the type I replicability remains
about the same when taking more samples. Worst case
replicability also remains the same.

Figure 2 shows the results using 500x resampling

25 80 85 40 45 50 o 5 10 15 20 25 80 85 40 45 50

(graph on the right). Again, trends observed for the
McNemar and 10x resampling experiment are present.
Some observations comparing 500x resampling with
10x and 100x resampling; Power does not increase con-
siderably more than for 100x resampling. So, increas-
ing the number of samples has its limits in increasing
power. From previous experience [1], we observed no
further increase in power after 100 samples. However,
replicability remains increasing with increasing num-
ber of samples. Though replicability increases, the
number of samples required increases more than lin-
early.

4.3. k-fold Cross Validation

Figure 3 shows results for repeated cross validation.
Same trends as for McMenar test holds. Note 10x re-
sampling takes the same computational effort as 1x10
fold cross validation (likewise 100x and 500x resam-
pling take the same effort as 10x10 and 50x10 fold
cross validation respectively). Comparing the corre-
sponding graphs between resampling (Figure 3) and
repeated cross validation (Figure 2) we observe that
repeated cross validation has slightly better power for
the same computational effort. Repeated cross valida-
tion has considerably better Type I replicability and
worst case replicability. This can be explained by the
larger guaranteed overlap of test sets and train sets
when comparing two separate experiments. Like for
resampling, increasing the number of repeats does not
increase power after 100 samples. However, replicabil-
ity does increase when increasing samples.

Figure 4 shows results for sorted folds [2] sampling
scheme. Note that the profiles look very similar to
those of the repeated cross validation scheme. The
main difference is in the 1 time 10 cross validation



Figure 2. Resampling results (axis same as Figure 1, but x-axis is scaled). 10x resampling in the left graph, 100x in the
middle, and 500x resampling in the right graph.
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Figure 3. Repeated 10 fold cross validation results (axis same as Figure 2). 1x left, 10x middle, 50x right graph.
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scheme due to the cross validation scheme using the
variance correction factor, while the sorted scheme is
not. Consequently, the Type I error for 1x10 cross
validation is (too) low, hence the Type I replicabil-
ity higher. Note that the worst case replicability is
higher for the sorted than 1x10 cross validation, which
indicates that the correction factor really is not appro-
priate for 1x10 cross validation.

We generated profiles for other sampling schemes in
comparison, namely mean over folds, mean over runs
and sorted folds (see [2] for details). All of these show
the same trends as shown the figures here.

4.4. Summary

In all experiments, worst case replicability remains the
same independent of data set size. Further, there is an
area where the difference between algorithm is either
large enough or small enough to guarantee high repli-
cability. Replicability can be increased by taking more
samples and increasing test set size. The former has
computational costs, the latter may result in an incor-
rect decision because the decision is made based on
algorithms trained on considerably smaller data sets
than the algorithm is going to be used with. So, it is
possible that the learning curves cross after the point
where the test is performed (anecdotic evidence sug-
gests this has happened in practice). Increasing the
number of samples remains the only feasible option in
such instance.

5. Conclusions

We showed in this paper that lack of replicability of
certain common machine learning experiments is not
only an issue for small data sets, but is a phenomenon
that is present with large data sets as well. We gained
insight in the relation between power and replicabil-
ity and showed how worst case replicability coincided
with the point where the power of a test is around
50%. We showed how replicability decreases with in-
creasing difference between two algorithms from Type
I replicability to the worst case replicability. Then,
replicability rises again to 100% where power reached
100%.

Experimental design is one of the main factors that im-
pact replicability. Repeated cross validation performs
well and sorted repeated cross validation slightly bet-
ter. However, such experiments may require a lot of
computational effort. One could think of an adaptive
scheme where first a simple experiment is performed
at relatively low computational cost and depending on
the outcome more samples may be obtained depending

on the outcome of the experiment. Indeed, some pre-
liminary exploration of this idea with the sorted cross
validation sampling scheme has showed some promiss-
ing results

In this paper, we studied the case of two algorithms
and one data set. Since in practice many more al-
gorithms are available to select from, future efforts
should be directed at the more complex situation
where more than two algorithms are considered. For
machine learning researchers, usually more than one
data set is considered, which makes it important to
develop experiments that can take multiple algorithms
and multiple data sets in account. One has to be aware
that appart from Type I error, Type II error and repli-
cability issues multiple comparison problems [6] will
appear as well.

Appendix: Analysis of worst case
replicability of McNemar’s test

Suppose that algorithm B outperforms A on a domain
from which data set D is drawn such that the prob-
ability of a '+’ is q. Let ¢ be such that the expected
value of Z equals the threshhold, E{Z} = Z, /5. Then,

(n.q— n.%)/w/n& = Zq2, OF q = % + ﬁZQ/Q.

Note that since Z follows approximately a normal dis-
tribution with mean Z, s, 50% of the time the null
hypothesis will be rejected, and 50% of the time it
won’t. So, replicability is X + 1Y where X (and Y) is
the probability that the second experiment rejects (ac-
cepts) given the first experiment rejects (accepts). As
before, let us assume that the classifiers produce the
same outcome on the same instances and that there
are no draws.

If in the first experiment the null hypothesis is
accepted, the expected number of '+’s in D;; is
E@T > Zyp) = Z" - Pa|T > Zyp)dr ~
fZ/ . :v|T>Za/2dw:fZ x - Pz, T >
Zayo)[P(T > Zoyo)idz = [ a-N(ng.0)/(1/2)dz =
JSnq N(o,a)/(l/Q)dx;L fOO: x-N(0,0)/(1/2)dx =
g -n+ [y \/gir?eix/% dz/(1/2) = q-n —
g —12 g o0
22750 (1/2) = gt < /(1/2) = gn+ 22
with 02 = n-q(1 —q) gives E(z|T > Za2) = q-n+
24/n-q(1—q)
Vem
If in the first experiment the null hypothesis is
accepted, the expected number of '+’s in D;; is
(:c|T > Za/g) = qu P(z|T > Za/g)dCC ~
fZ/ (z|T > Za/gd:c fZ/ - P(x, T >




Figure 4. Repeated sorted 10 fold cross validation (axis same as Figure 1 with rescaled axis). 1x left, 10x middle, 50x

right graph.
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So, in D;; the probability of drawing a '+ is

qn + 24/n-q(1—q)

n —

Vo ) The probability of drawing a ’+’s
in Do is (£ + 27”:;3—;:(1)) for Dyo N Dy1, and
(1 —t) - q for Dyo\D, ;1. Together, this is p’ =
(1= t)g + tg + AD) = g 4 (VD g,
let T’ be the statistic for the second experiment,

then P(T' > Zn5) = P2 S 7 .) =~
en P( /2) ( ,\/% /2)
f;(;N(n - p,3vn)de = f:: N(n - p/,3/n)dz +

f:(;, N(n-p, % n)dx = fon'(p,fq) N(0, %\/ﬁ)dx + % =

nt2Val-o ov/a(1=a)
Jo ™ N(0,3yn)dz + i. Now, n~t7\/\/qz_mq =
" 2n-q(1—q) t\/2"'(%+ﬁza/2)(%_ﬁza/2) .
NG NG o
2"'(%7ﬁzi/2) \/nd /n
t 7= YR = t\/—% Therefore, P(T" >

D 1

Zap) o 7% N(0,3y/m)dz+ L = [}77 N(0, L)de +
%, which surprisingly is an expression that does not
contain the data set size n. The situation where the
first experiment rejected the null hypothesis follows a
similar line of reasoning, which shows that the proba-
bility that the second experiment rejects Hy given that
the first experiment does is an expression that is not
dependent on the size of the sample n.
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