K*: An Instance-based Learner Using an EntropicDistance MeasureJohn G. Cleary,Leonard E. Trigg,Dept. of Computer Science,University of Waikato,New Zealand.e-mail:{jcleary,trigg}@waikato.ac.nzAbstractThe use of entropy as a distance measure has several benefits.Amongst other things it provides a consistent approach to handling ofsymbolic attributes, real valued attributes and missing values. Theapproach of taking all possible transformation paths is discussed. Wedescribe K*, an instance-based learner which uses such a measure, andresults are presented which compare favourably with several machinelearning algorithms.IntroductionThe task of classifying objects is one to which researchers inartificial intelligence have devoted much time and effort. Theclassification problem is hard because often the data available may benoisy or have irrelevant attributes, there may be few examples to learnfrom or simply because the domain is inherently difficult. Manydifferent approaches have been tried with varying success. Some wellknown schemes and their representations include: ID3 which usesdecision trees (Quinlan 1986), FOIL which uses rules (Quinlan 1990),PROTOS which is a case-based classifier (Porter, Bareiss, & Holte1990), and the instance-based learners IB1-IB5 (Aha, Kibler, & Albert1991; Aha 1992). These schemes have demonstrated excellentclassification accuracy over a large range of domains.What many instance-based algorithms lack is an integratedtheoretical background. Often schemes which are primarily designed tohandle symbolic attributes have difficulty in domains where featuresmay be real valued. Many schemes which handle real feature values are

K*: An Instance-based Learner Using an Entropic Distance Measure- 2 -extended to cope with symbolic attributes in an ad-hoc manner. Asimilar problem is apparent in how classifiers handle missing values.Common approaches are to treat missing values as a separate value,treat them as maximally different, replace them with the average value,or to simply ignore them. In this paper we discuss the use of entropyas a distance measure which provides a unified approach to dealing withthese problems. We also present K*, an instance-based learner whichuses such a measure and examine its performance on a range ofproblems.Instance-Based LearnersInstance-based learners classify an instance by comparing it to adatabase of pre-classified examples. The fundamental assumption isthat similar instances will have similar classifications. The question liesin how to define �similar instance� and �similar classification�. Thecorresponding components of an instance-based learner are the distancefunction which determines how similar two instances are, and theclassification function which specifies how instance similarities yield afinal classification for the new instance. In addition to these twocomponents, IBL algorithms have a concept description updater whichdetermines whether new instances should be added to the instancedatabase and which instances from the database should be used inclassification. For simple IBL algorithms, after an instance has beenclassified it is always moved to the instance database along with thecorrect classification. More complex algorithms may filter whichinstances are added to the instance database to reduce storagerequirements and improve tolerance to noisy data.Nearest neighbour algorithms (Cover & Hart 1967) are thesimplest of instance-based learners. They use some domain specificdistance function to retrieve the single most similar instance from thetraining set. The classification of the retrieved instance is given as theclassification for the new instance. Edited nearest neighbour algorithms(Hart 1968; Gates 1972) are selective in which instances are stored inthe database and used in classification. k-nearest neighbour algorithmsare only slightly more complex. The k nearest neighbours of the newinstance are retrieved and whichever class is predominant amongst themis given as the new instance’s classification. A standard nearestneighbour classification is the same as a k-nearest neighbour classifierfor which k=1.

K*: An Instance-based Learner Using an Entropic Distance Measure- 3 -Aha, Kibler & Albert (1991) describe three instance-basedlearners of increasing sophistication. IB1 is an implementation of anearest neighbour algorithm with a specific distance function. Realvalued attributes are normalised to a common scale so all attributes haveequal weighting, and missing values are assumed to be maximallydifferent to the present value. IB2 contains extensions to reduce storagerequirements; only misclassified instances are saved. IB3 is a furtherextension to improve tolerance to noisy data; instances that have asufficiently bad classification history are forgotten, only instances thathave a good classification history are used for classification. Aha(1992) described IB4 and IB5, which handle irrelevant and novelattributes.Cost & Salzberg (1993) use a modification of Stanfill & Waltz’s(1986) value difference metric in conjunction with an instanceweighting scheme in their system PEBLS. This scheme was designedfor classifying objects where feature values are symbolic. Numericdistances between symbolic values are calculated based on the degree towhich the relative frequencies of the symbols across classificationsremains the same. Instances in memory are also weighted according totheir past classification accuracy.Some Desirable Properties for a Classification AlgorithmA good classification algorithm should exhibit the followingcharacteristics:The surface defined by a similarity measure over the hyperspaceof predictor attributes must be smooth. In his work on evaluationfunctions for computer backgammon, Berliner (1980) argues that thesurface defined by a good evaluation function will be smooth�if thereare ridges or discontinuities in the surface, the program utilising theevaluation function may make decisions to its detriment. As it appliesto instance-based learning, there should not be large jumps in thedistance measure for small changes in the instance database or the testinstance.There should be a natural way of adjusting the relevances ofpredictor attributes.There should be an intuitive way of dealing with partial data.The datasets for many real world domains contain missing values, and

K*: An Instance-based Learner Using an Entropic Distance Measure- 4 -to ignore instances containing missing values is to throw away usefulinformation contained in the other values.A good algorithm should not be restricted to prediction ofsymbolic values�it should be able to predict real values as well.Entropy as a Distance MeasureThe approach we take here to computing the distance betweentwo instances is motivated by information theory. The intuition is thatthe distance between instances be defined as the complexity oftransforming one instance into another. The calculation of thecomplexity is done in two steps. First a finite set of transformationswhich map instances to instances is defined. A �program� to transformone instance (a) to another (b) is a finite sequence of transformationsstarting at a and terminating at b.Following the usual development of complexity theory suchprograms (sequences) are made �prefix free� by appending atermination symbol to each string. The usual definition of the(Kolmogorov) complexity of a program is the length of the shorteststring representing the program (Li & Vitanyi 1993). Using thisapproach a Kolmogorov distance between two instances can be definedas the length of the shortest string connecting the two instances. Thisapproach focuses on a single transformation (the shortest one), out ofmany possible transformations. The result is a distance measure whichis very sensitive to small changes in the instance space and which doesnot solve the smoothness problem well. The K* distance definedbelow tries to deal with this problem by summing over all possibletransformations between two instances.It is not entirely clear what it is that should be summed overwhen doing this. Adding the lengths of the different transformationsclearly is not the correct thing to do. The key point here is to note that itis possible to associate a probability with each sequence. If thecomplexity (length) of program measured in bits is c then theappropriate probability is

2− c. In particular, it is true that in any welldefined distance based on Kolmogorov complexity the sum of thisprobability over all transformations will satisfy the Kraft inequality:

2− c ∑ ≤1. One way of interpreting this is that it is the probability that aprogram will be generated by a random selection of transformations. Interms of the distance between instances it is the probability that an

K*: An Instance-based Learner Using an Entropic Distance Measure- 5 -instance will be arrived at by doing a random walk away from theoriginal instance. After summing over all paths this probability can betransformed into units of complexity by taking the logarithm.This approach of summing over all possible transforming pathshas been used successfully in Yee & Allison�s (1993) r-theory whichmeasures the distance between sequences of DNA. There is empiricalevidence that using all mutational transformations between two stringsrather than the single shortest path gives a more robust and realisticmeasure of the relatedness of two DNA sequences.Specification of K*Let I be a (possibly infinite) set of instances and T a finite set oftransformations on I. Each t ˛ T maps instances to instances: t:IfiI.T contains a distinguished member s (the stop symbol) which forcompleteness maps instances to themselves (s(a)=a). Let P be the setof all prefix codes from T* which are terminated by s. Members of T*(and so of P) uniquely define a transformation on I:

t(a) = tn(tn− 1(...t1(a)...)) where t = t1,...tnA probability function p is defined on T*. It satisfies the followingproperties:

0 ≤ p(tu)p(t) ≤ 1

p(tu)

u∑ = p(t)

p(Λ) =1As a consequence it satisfies the following:

p(t)

t∈P∑ =1The probability function P* is defined as the probability of all pathsfrom instance a to instance b:

t∈P:t(a)=b

K *(b|a)≥ 0

K *(c|b)+K*(b|a)≥ K*(c|a)Real NumbersAs the first example of how to use this theory we compute adistance between real numbers. This is done in two steps. First adistance function between integers is developed and then this ismodified to deal with real numbers.Let the set of instances I be the integers (positive and negative).There are three transformations in the set T: s the end of string marker;and left and right which respectively add 1 and subtract one. Theprobability of a string of transformations is determined by the productof the probability of the individual transformations:

p(t) = p(ti)

i∏ where t = t1,...tnThe probability of the stop symbol s is set to the (arbitrary) value s andp(left) = p(right) = (1-s)/2.It can be shown (after significant effort for which we do nothave space here) that

P *(b|a) depends only on the absolute differencebetween a and b, so abusing the notation for P* slightly we can write:

K*: An Instance-based Learner Using an Entropic Distance Measure- 7 -

P *(b|a) = P*(i) = s2s− s2 1− 2s− s21− s i where i =|a − b|and

K *(b|a) = K*(i) =

12 log2 (2s− s2 )− log2(s)+i[log2(1− s)− log2(1− 2s− s2 )]That is, the distance is proportional to the absolute difference betweentwo instances.Note that the set of transformations chosen above is notdetermined by the theory. Other transformation sets (with differentdistance functions) could be envisaged but this formulation seems tocapture the idea that all points are equivalent and that space is�invariant� under left and right shifts as well as giving results that workwell in practice.To reformulate this for real numbers the assumption is made thatthe real space is underlain by a discrete space with the distance betweenthe discrete instances being very small. The first step is to take theexpressions above in the limit as s approaches 0 (that is thetransformation strings will be very long). This gives:

P *(i) = s2 e− i 2sThis can then be reformulated as a probability density function wherethe probability that an integer between i and i + Di will be generated is:

P * (i) = s2 e− i 2s ΔiThis can then be rescaled in terms of a real value x where

xx0 = i 2s.This results in the probability density function P* over the reals:

12x0

− xx0

x^{0. There are some rough guidelines about how to do this. Forexample, if the instances have a measurement error then}

x0 shouldprobably not be smaller than the standard deviation of the errors on themeasurement. The next section specifies a technique to choose

x0values.Symbolic ProbabilitiesOne of the advantages of the approach we are following here isthat both real attributes and symbolic attributes can be dealt withtogether within the same framework. To deal with symbolic attributesconsider a set of n instance values which occur with probabilities

pi,1≤ i ≤ n. The transformations that we allow on the instances are thetransmutation of any instance to any other instance. The probability ofa symbol staying the same (the end of string transformation) is taken tobe the probability s and the probability of a transformation to a symbol jto be

(1− s)pj. Summing over all possible transformations gives:

P *(j|i) = (1− s)pj if i ≠ j s+(1− s)pi if i = j Νοτε τηατ τηε προβαβιλιτψ σ ηερε ισ αναλογουσ το τηε προβαβιλιτψ σ(ανδ τηε εθυιϖαλεντ

x0) in the development above for real numbers.That is, some reasonable value must be chosen for s depending on thedata being modelled.Combining AttributesTo compute a distance between instances with more than oneattribute is straightforward. The set of transformations on the combinedattributes can be taken as the union of the transformations for theindividual attributes. The transformation strings can then be modelledby sequentially transforming the first attribute, then the second attributeand so on until all the attributes are transformed. The result is that theprobability for the total string is the product of the probabilities of theindividual strings and thus the distance function is the sum of thedistances for the individual attributes.

K*: An Instance-based Learner Using an Entropic Distance Measure- 9 -This simple additive approach is the one taken for all the resultsgiven below. It is worth noting, however, that it is not the onlypossible way of combining attributes. For example, if an instance ismodelled as a two dimensional space the set of transformations arenaturally left, right, up and down. Summing over all suchtransformations the resulting distance is

P *(?|a) =

P*(b|a) N b ∑ωηερε τηε συμ ισ οϖερ αλλ σπεχιϕιεδ ινστανχεσ ιν τηε δαταβασε ανδ Ν ιστηε νυμβερ οϕ συχη ινστανχεσ. Τηε εϕϕεχτιϖε διστανχε το α μισσινγ ϖαλυεισ τηεν (ρουγηλψ) τηε εξπεχτεδ διστανχε το α ρανδομ ινστανχε οϕ τηαταττριβυτε.Κ∗ ΑλγοριτημΦορ τηε ιμπλεμεντατιον οϕ αν ινστανχε−βασεδ χλασσιϕιερ ωηιχηυσεσ τηε εντροπιχ διστανχε μεασυρε δεσχριβεδ αβοϖε ωε νεεδ α ωαψ οϕ Κ∗: Αν Ινστανχε−βασεδ Λεαρνερ Υσινγ αν Εντροπιχ Διστανχε Μεασυρε− 10 −σελεχτινγ ϖαλυεσ ϕορ τηε παραμετερσ

x0 and s, and a way of using thevalues returned by the distance measure to give a prediction.Choosing values for the arbitrary parametersFor each dimension we have to choose values for the parameters

x0 (for real attributes) and s (for symbolic attributes). The behaviour ofthe distance measure as these parameters change is interesting.Consider the probability function for symbolic attributes as s changes.With a value of s close to 1, instances with a symbol different to thecurrent one will have a very low transformation probability, whileinstances with the same symbol will have a high transformationprobability. Thus the distance function will exhibit nearest neighbourbehaviour. As s approaches 0, the transformation probability directlyreflects the probability distribution of the symbols, thus favouringsymbols which occur more frequently. This behaviour is similar to thedefault rule for many learning schemes which is simply to takewhichever classification is most likely (regardless of the new instance’sattribute values). As s changes, the behaviour of the function variessmoothly between these two extremes. The distance measure for realvalued attributes exhibits the same properties. Thus when

x0 is smallthe probability to instances drops very quickly with increasing distancethus functioning like a nearest neighbour measure. On the other hand if

n^0 ≤ 2 P*(b|a) b ∑ 2 P*(b|a) b ∑ ≤ N K*: An Instance-based Learner Using an Entropic Distance Measure- 11 -where N is the total number of training instances and

n0 is the numberof training instances at the smallest distance from a (for this attribute).The K* algorithm then chooses a value for

x0 (or s) by selecting anumber between

n0 and N and inverting the expression above. Thusselecting

n0 gives a nearest neighbour algorithm and choosing N givesequally weighted instances. For convenience the number is specifiedby using the �blending parameter� b, which varies from b= 0% (for

x^{0 (or s) parameters are set for each dimensionindependently, but using the same blend parameter which gives equalweighting to each attribute. We can then use the combined attributedistance measure to compute the size of the final sphere of influence.This is usually much smaller than the size specified at the singleattribute level.Category predictionWe calculate the probability of an instance a being in category C bysumming the probabilities from a to each instance that is a member ofC.}

P*(C|a) = P*(b|a) b∈C∑Τηε προβαβιλιτιεσ ϕορ εαχη χατεγορψ αρε χαλχυλατεδ. Τηε ρελατιϖεπροβαβιλιτιεσ οβταινεδ γιϖε αν εστιματε οϕ τηε χατεγορψ διστριβυτιον ατ τηεποιντ οϕ τηε ινστανχε σπαχε ρεπρεσεντεδ βψ α. Μοστ οτηερ τεχηνιθυεσρετυρν α σινγλε χατεγορψ ασ τηε ρεσυλτ οϕ χλασσιϕιχατιον. Φορ εασε οϕχομπαρισον ηερε ωε χηοοσε τηε χατεγορψ ωιτη τηε ηιγηεστ προβαβιλιτψ αστηε χλασσιϕιχατιον οϕ τηε νεω ινστανχε. Αλτερνατιϖεσ το τηισ ινχλυδε Κ∗: Αν Ινστανχε−βασεδ Λεαρνερ Υσινγ αν Εντροπιχ Διστανχε Μεασυρε− 12 −χηοοσινγ α χλασσ ατ ρανδομ υσινγ τηε ρελατιϖε προβαβιλιτιεσ ορ ρετυρνινγ ανορμαλισεδ προβαβιλιτψ διστριβυτιον ασ τηε ανσωερ.ΡεσυλτσΤο γετ αν ιδεα ϕορ ηοω ωελλ τηε Κ∗ αλγοριτημ περϕορμσ ινπραχτισε, χλασσιϕιχατιον ηασ βεεν χαρριεδ ουτ ον σεϖεραλ δατασετσχομμονλψ υσεδ ιν τηε μαχηινε λεαρνινγ λιτερατυρε. Τηε δατασετσ αρε τηεσαμε ασ τηοσε υσεδ βψ Ηολτε (1993), ανδ ωερε οριγιναλλψ τακεν ϕρομ τηεΥΧΙ Μαχηινε Λεαρνινγ Δαταβασε Ρεποσιτορψ.Τηε δατασετσ ωερε παρτιτιονεδ ιντο 2/3 τραινινγ, 1/3 τεστ. 25διϕϕερεντ παρτιτιονσ ωερε μαδε ϕορ εαχη δατασετ. Τηε σχηεμεσ ωερε ρυνον αλλ 25 παρτιτιονσ ανδ τηε ρεσυλτσ αϖεραγεδ.Τηε ϕραχτιον οϕ χορρεχτ χλασσιϕιχατιονσ αρε πρεσεντεδ ιν Ταβλε 1.Τηε βεστ ρεσυλτ(σ) ϕορ εαχη δατασετ αρε ηιγηλιγητεδ ιν βολδ ϕαχε. Αλλσχηεμεσ ωερε ρυν υσινγ δεϕαυλτ σεττινγσ. Χ4.5 ρεσυλτσ ωερε οβταινεδϕορ βοτη πρυνεδ τρεεσ ανδ ρυλεσ. Τηε δεϕαυλτ βλενδ σεττινγ ϕορ Κ∗ ισ20%, α ϖαλυε ωηιχη σεεμσ το ωορκ ωελλ ϕορ μοστ δατασετσ. Ρεσυλτσωερε αλσο οβταινεδ ϕορ τηε βλενδ σεττινγ ωηιχη γαϖε τηε βεστ αχχυραχψϕορ εαχη δατασετ.ΔατασετΧ4.5Π−ΤρεεΧ4.5ΡυλεσΦΟΙΛ1ΡΙΒ1Κ∗β=20Κ∗β=βεστΒΧ70.768.854.367.566.168.670.8ΧΗ99.299.229.364.989.693.293.3ΓΛ66.064.850.052.167.872.473.9Γ272.974.264.469.076.482.382.7ΗΔ75.777.664.273.875.575.082.2ΗΕ68.779.566.678.480.880.483.8ΗΟ76.181.762.581.777.476.279.2ΗΨ91.399.298.297.897.798.598.6ΙΡ94.394.389.892.395.394.995.3ΛΑ72.284.265.376.484.290.992.0ΛΨ74.875.866.272.780.982.282.6ΣΕ75.497.895.895.193.895.295.7ΣΟ96.379.299.899.899.8ςΟ91.994.887.695.491.993.093.2ς183.489.877.487.387.390.590.5Ταβλε 1. Χλασσιϕιχατιον αχχυραχψ ϕορ σεϖεραλ δατασετσ.Ασ χαν βε σεεν Κ∗ περϕορμσ ωελλ αχροσσ α ωιδε ρανγε οϕσχηεμεσ. Ιν αλμοστ αλλ χασεσ ιτ ωασ βεττερ τηαν τηε οτηερ ινστανχε−βασεδ Κ∗: Αν Ινστανχε−βασεδ Λεαρνερ Υσινγ αν Εντροπιχ Διστανχε Μεασυρε− 13 −λεαρνερ (ΙΒ1) ανδ ιν 6 οϕ τηε 15 χασεσ ιτ γαϖε τηε βεστ ρεσυλτσ ουτ οϕ αλλτηε σχηεμεσ.Αλλοωινγ τηε βλενδ παραμετερ το ϖαρψ γιϖεσ βεττερ ρεσυλτσ ανδ ωεαρε χυρρεντλψ ινϖεστιγατινγ ωαψσ το σετ ιτ μορε ιντελλιγεντλψ, ποσσιβλψϖαρψινγ ιτ ϕορ διϕϕερεντ αττριβυτεσ.Ιτ ισ ιντερεστινγ το νοτε τηατ τηε 1Ρ αλγοριτημ (ωηιχη χλασσιϕιεσβασεδ ον α σινγλε αττριβυτε) περϕορμσ ϖερψ ωελλ ον σομε δατασετσ,ινδιχατινγ τηατ ϖαρψινγ τηε ιμπορτανχε οϕ ινδιϖιδυαλ αττριβυτεσ χουλδϕυρτηερ ιμπροϖε Κ∗∏σ περϕορμανχε.ΧονχλυσιονσΑν ινστανχε βασεδ λεαρνινγ σχηεμε ηασ βεεν πρεσεντεδ. Ον ρεαλδατασετσ ιτ περϕορμσ ωελλ αγαινστ α ρανγε οϕ βοτη ρυλε βασεδ ανδ ινστανχεβασεδ λεαρνινγ σχηεμεσ. Τηε υνδερλψινγ τεχηνιθυε υσεδ οϕ συμμινγπροβαβιλιτιεσ οϖερ αλλ ποσσιβλε πατησ σολϖεσ τηε σμοοτηνεσσ προβλεμ ανδωε βελιεϖε χοντριβυτεσ στρονγλψ το ιτσ γοοδ οϖεραλλ περϕορμανχε. Τηευνδερλψινγ τηεορψ αλσο αλλοωσ χλεαν ιντεγρατιον οϕ βοτη σψμβολιχ ανδρεαλ ϖαλυεδ αττριβυτεσ ανδ α πρινχιπλεδ ωαψ οϕ δεαλινγ ωιτη μισσινγϖαλυεσ.Τηε ιμπλεμεντατιον ανδ ρεσυλτσ ηερε αρε α ϕιρστ ιμπλεμεντατιονανδ ωε ωαντ το ϕυρτηερ εξπλορε ρεϕινεμεντσ το τηε βασιχ αλγοριτημ ανδεξτενσιονσ το τηε ρανγε οϕ ιτσ αππλιχαβιλιτψ. Φορ εξαμπλε, ιτ ισ ποσσιβλετο υσε Κ∗ το πρεδιχτ ρεαλ ϖαλυεδ αττριβυτεσ. Ωε αρε αλσο εξπλορινγαππλιχατιονσ το μορε χομπλεξ δομαινσ συχη ασ τηε σιμιλαριτψ οϕ 2−διμαγεσ συχη ασ ωεατηερ μαπσ.Ον τωο δατα ϕιλεσ τηε σιμπλε λεαρνινγ αλγοριτημ 1Ρ (ωηιχη δοεσιτσ χλασσιϕιχατιον βασεδ ον ονλψ α σινγλε αττριβυτε) γετσ βεττερπερϕορμανχε Κ∗. Ιτ σεεμσ τηεν τηατ λοωερινγ τηε βλενδ παραμετερ ϕοριμπορταντ αττριβυτεσ ανδ ραισινγ ιτ ϕορ υνιμπορταντ ονεσ μιγητ παψ οϕϕ ιντηεσε χασεσ.ΑχκνοωλεδγμεντσΤηισ ωορκ ωασ δονε ασ παρτ οϕ τηε ΩΕΚΑ προφεχτ, ατ τηεΥνιϖερσιτψ οϕ Ωαικατο. Ωε ωουλδ λικε το τηανκ τηε μεμβερσ οϕ τηεΩΕΚΑ τεαμ, ιν παρτιχυλαρ Στεϖε Γαρνερ ϕορ συππλψινγ τηε τεστ δατασετσανδ ϕορ δοινγ μανψ χομπυτερ ρυνσ. Κ∗: Αν Ινστανχε−βασεδ Λεαρνερ Υσινγ αν Εντροπιχ Διστανχε Μεασυρε− 14 −ΡεϕερενχεσΑηα, Δ.Ω., Κιβλερ, Δ. & Αλβερτ, Μ. Κ. (1991) ∀Ινστανχε−βασεδΛεαρνινγ Αλγοριτημσ.∀ Μαχηινε Λεαρνινγ 6, ππ. 37−66.Αηα, Δ.Ω. (1992) ®Τολερατινγ Νοισψ, Ιρρελεϖαντ ανδ Νοϖελ Αττριβυτεσιν Ινστανχε−βασεδ Λεαρνινγ Αλγοριτημσ.© Ιντερνατιοναλ ϑουρναλ οϕ ΜανΜαχηινε Στυδιεσ 36, ππ. 267−287.Βερλινερ, Η. (1980) ∀Βαχκγαμμον Χομπυτερ Προγραμ Βεατσ ΩορλδΧηαμπιον.∀ Αρτιϕιχιαλ Ιντελλιγενχε 14, ππ. 205−220.Χοστ, Σ. & Σαλζβεργ, Σ. (1993) ∀Α Ωειγητεδ Νεαρεστ ΝειγηβουρΑλγοριτημ ϕορ Λεαρνινγ ωιτη Σψμβολιχ Φεατυρεσ.∀ Μαχηινε Λεαρνινγ10, ππ. 57−78.Χοϖερ, Τ.Τ. & Ηαρτ, Π.Ε. (1967) ∀Νεαρεστ Νειγηβουρ ΠαττερνΧλασσιϕιχατιον.∀ ΙΕΕΕ Τρανσαχτιονσ ον Ινϕορματιον Τηεορψ 13, ππ. 21−27.Γατεσ, Γ.Ω. (1972) ∀Τηε Ρεδυχεδ Νεαρεστ Νειγηβουρ Ρυλε.∀ ΙΕΕΕΤρανσαχτιονσ ον Ινϕορματιον Τηεορψ 18, ππ. 431−433.Ηαρτ, Π.Ε. (1968) ∀Τηε Χονδενσεδ Νεαρεστ Νειγηβουρ Ρυλε.∀ ΙΕΕΕΤρανσαχτιονσ ον Ινϕορματιον Τηεορψ 14, ππ. 515−516.Ηολτε, Ρ.Χ. (1993) ®ςερψ Σιμπλε Χλασσιϕιχατιον Ρυλεσ Περϕορμ Ωελλ ονΜοστ Χομμονλψ Υσεδ Δατασετσ.© Μαχηινε Λεαρνινγ 11, ππ. 63−91.Λι, Μ., ανδ ςιτανψι, Π. (1993) Αν Ιντροδυχτιον το ΚολμογοροϖΧομπλεξιτψ ανδ ιτσ Αππλιχατιονσ, Σπρινγερ−ςερλαγ, Νεω Ψορκ.Πορτερ, Β.Ω., Βαρεισσ, Ρ. & Ηολτε, Ρ.Χ. (1990) ∀Χονχεπτ Λεαρνινγανδ Ηευριστιχ Χλασσιϕιχατιον ιν Ωεακ−τηεορψ Δομαινσ.∀ ΑρτιϕιχιαλΙντελλιγενχε 45, ππ. 229−263.Θυινλαν, ϑ.Ρ. (1986) ∀Ινδυχτιον οϕ Δεχισιον Τρεεσ.∀ Μαχηινε Λεαρνινγ1, ππ. 81−106.Θυινλαν, ϑ.Ρ. (1990) ∀Λεαρνινγ Λογιχαλ Δεϕινιτιονσ ϕρομ Ρελατιονσ.∀Μαχηινε Λεαρνινγ 5, ππ 239−266.Στανϕιλλ, Χ. & Ωαλτζ, Δ. (1986) ∀Τοωαρδ Μεμορψ−βασεδ Ρεασονινγ.∀Χομμυνιχατιονσ οϕ τηε ΑΧΜ 29, 12, ππ. 1213−1228.Ψεε, Χ.Χ. & Αλλισον, Λ. (1993) ∀Ρεχονστρυχτιον οϕ Στρινγσ Παστ.∀Χομπυτερ Αππλιχατιονσ ιν τηε Βιοσχιενχεσ 9, 1, ππ. 1−7.